In this report, the explicit probability density functions of the random Euclidean distances associated with equilateral triangles are given, when the two endpoints of a link are randomly distributed in 1) the same triangle, 2) two adjacent triangles sharing a side, 3) two parallel triangles sharing a vertex, and 4) two diagonal triangles sharing a vertex, respectively. The density function for 1) is based on the most recent work by Bäsel [1] . 2)-4) are based on 1) and our previous work in [2], [3] . Simulation results show the accuracy of the obtained closed-form distance distribution functions, which are important in the theory of geometrical probability. The first two statistical moments of the random distances and the polynomial fits of the density functions are also given in this report for practical uses.
II. DISTANCE DISTRIBUTIONS ASSOCIATED WITH EQUILATERAL TRIANGLES

A. |ab|: Distance Distribution within an Equilateral Triangle
The author of [1] obtained the chord length distribution function for any regular polygon. From this result, [1] further derived the density function for the distance between two uniformly and independently distributed random points in the regular polygon. Although the methods used were elementary, this work can be considered as a major breakthrough in Geometrical Probability, which also helps us verify the distance distribution in a regular hexagon [3] .
Following are the notations used in [1] : P n,r is the regular polygon with n vertices and with a circumscribed circle of radius r; l k is the distance between vertices, given by
where k = 0, 1, ..., K and K = ⌊ n−2 2 ⌋. L denotes the perimeter and A the area of P n,r : L = 2nr sin π n and A = 1 2 nr 2 sin 2π n .
Denote the chord length distribution derived in [1] as f (s) for P n,r , and the density function for the distance between two random points in P n,r as g D I (d), the relationship between these two functions is as follows according to [4] :
According to this relationship and the derived chord length distribution f (s), the density function of random distances in an equilateral triangle,
:
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The corresponding cumulative distribution function (CDF) is
the points are equally likely to fall inside any one of these two triangles. Therefore, given the location of one endpoint of a random link, the second endpoint falls inside the same triangle as the first one with probability 1 2 (such as |ab|), and with probability 1 2 falls inside the adjacent triangle (such as |pq|).
Suppose rhombus OABC in Fig. 1 has a side length of 1, then the distribution of |ab| is known as g D I (d) in (4) above. Denote the distribution of |pq| as g D A (d). The probability density function of the random distances between two uniformly distributed points that are both inside the same rhombus is f D I (d) (see (1) in [2] ). From the reasoning in the previous paragraph,
and we have
Therefore, the probability density function of the random distances between two uniformly distributed points, one in each of the two adjacent unit triangles that are sharing a side, is
The corresponding CDF is
Note that although unit triangles are assumed in (4)- (9), the distance distribution functions can be easily scaled by a nonzero scalar, for equilateral triangles of arbitrary side length. For example, let the side length of such triangles be s > 0, then
Therefore,
C. |ef |: Distance Distribution between Two Parallel Equilateral Triangles Sharing a Vertex
This case corresponds to the random distance |ef | in Fig. 1 . Here four unit triangles ∆OAB, ∆OBC, ∆OCD and ∆BCG together create a larger equilateral triangle ∆AGD with side length 2. According to (10), the density function of distance distribution inside triangle ∆AGD
On the other hand, if we look at the two random endpoints of a given link inside the large triangle, they will fall into one of the two following cases: i) one of the endpoints falls inside one of the three unit triangles on the boarder of the large triangle, such as ∆OAB, ∆OCD or ∆BCG, with probability ; ii) one of the endpoints falls inside the unit triangle ∆OBC in the middle, with probability . Each of these two cases includes several more detailed sub-cases as follows:
6 Case i) Given the location of the first endpoint, the second endpoint will fall inside the same triangle as the first one (such as |ab|) with probability 1 4 , fall inside the adjacent triangle sharing a side (such as |pq|) with probability 1 4 , and fall inside one of the parallel triangles sharing a vertex (such as |ef |) with probability 1 2 .
Case ii) When the location of the first endpoint is in ∆OBC, the second endpoint will fall inside the same triangle with probability 1 4 , and fall inside one of the adjacent triangles sharing a side with probability .
Denote the density function of random distance |ef | as g D P (d), we have the following
Hence,
Therefore, the probability density function of the random distances between two uniformly distributed points, one in each of the two parallel unit triangles that are sharing a vertex, is
D. |gh|: Distance Distribution between Two Diagonal Equilateral Triangles Sharing a Vertex
This case corresponds to the random distance |gh| in Fig. 1 . Here a regular hexagon is divided into six unit triangles. Looking at the two random endpoints of a given link inside the hexagon, the first endpoint can fall inside any one of the six triangles, and the second endpoint will i) fall inside the same triangle as the first one (such as |ab|) with probability ; ii) fall inside the adjacent triangle sharing a side (such as |pq|) with probability ; iii) fall inside the parallel triangle sharing a vertex (such as |ef |) with probability ; iv) fall inside the diagonal triangle sharing a vertex (such as |gh|) with probability .
The density function of the random distances within a regular hexagon has been derived in [3] , and we denote it as f H (d). Also denote the density function of random distance |gh| as
we have
or,
Therefore, the probability density function of the random distances between two uniformly distributed points, one in each of the two diagonal unit triangles that are sharing a vertex, is
III. VERIFICATION BY SIMULATION Figure 2 plots the probability density functions, as given in (4), (8), (13) and (17) of the four random distance cases shown in Fig. 1 . Figure 3 
IV. PRACTICAL RESULTS
A. Statistical Moments of Random Distances
The distance distribution functions given in Section II can conveniently lead to all the statistical moments of the random distances associated with equilateral triangles. Given (4), for example, the first moment (mean) of d, i.e., the average distance within a unit triangle, is
and the second raw moment is
from which the variance (the second central moment) can be derived as
When the side length of the unit triangle is scaled by s, the corresponding first two statistical moments given above then become given in Section II. It also gives the corresponding simulation results for verification purposes. Table II lists Table II with the original PDFs. From the figure, it can be seen that all the polynomials match closely with the original PDFs. These high-order polynomials facilitate further manipulations of the distance distribution functions, with a high accuracy.
B. Polynomial Fits of Random Distances
V. CONCLUSIONS
In this report, we gave the closed-form probability density functions of the random distances associated with equilateral triangles. The correctness of the obtained results has been validated by simulation. The first two statistical moments and the polynomial fits of the density functions are also given for practical uses. 
